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We study the forces and torques experienced by pill-shaped Janus particles of different aspect
ratios where half of the surface obeys the no-slip boundary condition and the other half obeys
the Navier slip condition of varying slip lengths. Using a recently developed boundary integral
formulation whereby the traditional singular behaviour of this approach is removed analytically, we
quantify the strength of the forces and torques experienced by such particles in a uniform flow field
in the Stokes regime. Depending on the aspect ratio and the slip length, the force transverse to the
flow direction can change sign. This is a novel property unique to the Janus nature of the particles.
I. INTRODUCTION
Janus particles - particles typically but not exclusively
in the micrometer size range whose surfaces are com-
prised of two regions of different properties - can act like
amphiphiles or surfactants and self-assemble to form scal-
able, exotic structures with requisite properties for appli-
cations from photonics to biomedicine.
It was recognised almost exactly 20 years ago [1] that
Janus particles can assemble like ‘rigid’ surfactants on
the micron scale under the influence of Brownian forces
that anneal them into energetically favorable structures
under geometric constraints. Since then research has
been mostly focussed on using spherical particles in which
part of the surface is rendered hydrophobic and the re-
maining part hydrophilic. By controlling the degree
of the hydrophobic/hydrophilic balance and the relative
area fractions, different self-assembled structures can be
made [2, 3] and the kinetics of the assembly process can
also be tuned [4]. The ability to produce particles of
tailored shapes and aspect ratios [5, 6] and the incorpo-
ration of magnetic properties to the Janus particles [7]
offers additional new opportunities.
Dynamic Janus properties arising from differential heat
adsorption due to partial metallic coatings on the parti-
cles have led to the use of thermophoresis to actively
drive Janus particles using an applied laser beam [8].
The possibility of exploiting different hydrodynamic slip
conditions on Janus particles has received recent atten-
tion. However, because of the theoretical complexity of
the problem, only perturbation analyses that assumes the
slip length is small compared to the particle dimension
or weak positional variation of the slip length over the
particle surface have been attempted [9–11].
Here we consider the combined role of differential hy-
drodynamic slip and particle aspect ratio to obtain re-
sults that can serve as useful guides in quantifying the
use of hydrodynamic flow fields to control pill-shaped
particles with Janus hydrodynamic boundary conditions.
We confine ourselves to the low Reynolds number regime
that is appropriate for the flow conditions encountered
in micro-fluidic devices. Our objective is to obtain accu-
rate estimates of the forces and torques experienced by
a Janus particle in a uniform flow field as a function of
orientation and particle geometry. This provides a fea-
sibility analysis of using Janus hydrodynamic properties
as a way to dynamically segregate and orient particles.
II. MODEL JANUS PILL
As a prototypical model, we consider a sphero-
cylinderical ‘Janus pill’ that is made up of a right circular
cylinder of radius a, length l and capped by a hemisphere
of radius a at each end (Fig. 1 inset). The boundary con-
dition on one half of the surface along the principal body
axis of the pill, e‖ is the familiar immobile condition with
zero velocity at a solid-fluid boundary - designated as
‘no-slip’. On the other half of the pill surface, we assume
the surface is tangentially mobile, with a zero tangential
stress condition - designated as ‘free-slip’. This model
may be regarded as the limiting case of surfaces with fi-
nite slip lengths that we also consider briefly here. In
practice, the precise experimental determination of the
slip length on different types of surfaces deduced from
different techniques is often complex [12–14].
We consider a Janus pill lying in the xz-plane with the
body axis e‖ oriented at an angle θ to the z-direction of
a uniform flow field U = Uk. The novel findings are the
subtle and competing effects between the aspect ratio,
l/a and the Janus hydrodynamic boundary condition on
the force, F and torque, T that are unique consequences
of the bipolar nature of the Janus particle:
• At a particular orientation, θ, the Janus hydrody-
namic boundary condition can either enhance or
diminish the force F depending on the aspect ra-
tio, l/a (Fig. 2).
• In particular, the component of the force, Fx ex-
erted on the Janus pill normal to the flow direc-
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2tion changes sign as the aspect ratio l/a increases
from zero (corresponding to a Janus sphere). At
l/a = 0.355, Fx = 0 (Fig. 2a).
• The force, Fz exerted on a Janus pill parallel to
the flow direction is independent of its orientation
at l/a = 0.355 (Fig. 2b).
• A Janus pill experiences a torque, Ty about the
y-axis that varies with its orientation and aspect
ratio, l/a ≥ 0, whereas uniform non-Janus particles
experience no torque (Fig. 3).
• Rotating a Janus pill about the y-axis generates a
force in the equatorial plane, but not so for non-
Janus pills (Fig. 4).
The above behavior that is unique to Janus particles of-
fers opportunities to use flow fields to steer, sort, ori-
entate and position Janus particles to create functional
structures. This will be useful to enhance assembly mech-
anisms that only rely on energetics and geometry.
III. ANALYSIS
As the following analysis will show, the results for the
forces and torques given in Figs. 2 - 4 can be charac-
terized in terms of three functions. First, we express
the external flow field U = Uk in terms of the veloc-
ity components in the body coordinate system defined
by the unit vectors e‖ and e⊥: U = U‖e‖ + U⊥e⊥ with
U‖ = U cos θ and U⊥ = U sin θ (Fig. 1 inset). We define
dimensionless drag coefficients: λ‖ and λ⊥ in terms of
the components of the drag force on the Janus pill in the
body coordinate system: F‖ = (4piµaU‖)λ‖ and F⊥ =
(4piµaU⊥)λ⊥. The force components in the laboratory
frame (x, y, z) are then: Fx(θ, l/a) = F‖ sin θ − F⊥ cos θ,
Fz(θ, l/a) = F‖ cos θ+F⊥ sin θ and Fy(θ, l/a) = 0 due to
symmetry. Finally, the components of the force exerted
on the Janus pill simplify to:
Fx(θ, l/a) = (4piµaU)(λ− sin 2θ), (1)
Fz(θ, l/a) = (4piµaU)(λ+ − λ− cos 2θ), (2)
λ+ ≡ 12 (λ⊥ + λ‖), λ− ≡ 12 (λ⊥ − λ‖). (3)
The angular dependence of Fx and Fz are now explicit
and the drag coefficients (λ+, λ−) depend on the aspect
ratio of the Janus pill, l/a. Thus for a given aspect ra-
tio, the force components Fx and Fz can be determined
completely by calculating Fz, say at θ = 0 and at θ =
pi
2 .
Linearity of Stokes flow implies that the traction on the
surface of the Janus pill at orientation θ is f(θ, l/a, U) ≡
fˆ(θ, l/a)U , where fˆ(θ, l/a) is the traction that corre-
sponds to U = 1. The general angular dependence is
f(θ, l/a, U) = fˆ(0, l/a)U cos θ + fˆ(pi2 , l/a)U sin θ (4)
From symmetry, the torque experienced by the Janus
pill only has a non-zero y-component given by
Ty(θ, l/a, U) j =
∫
r× f(θ, l/a, U) dS (5a)
= (U cos θ)
∫
r× fˆ(0, l/a) dS +
(U sin θ)
∫
r× fˆ(pi2 , l/a) dS (5b)
≡ 0 j + (4piµa2U) τy(pi2 ) sin θ j. (5c)
The first integral in Eq. 5b vanishes because of symme-
try, hence the angular dependence of the torque is given
explicitly by Eq. 5c and the dimensionless torque τy(
pi
2 )
varies with the aspect ratio (l/a).
IV. NUMERICAL COMPUTATIONS
The three quantities: λ+, λ− and τy(pi2 ) that charac-
terize the force and torque experienced by the Janus pill
under a uniform flow field in a fluid with viscosity, µ,
have to be computed numerically by solving the Stokes
equations. A recently developed non-singular boundary
integral formulation of the solution for the Stokes equa-
tions [15] is ideally suited to handle the hydrodynamic
boundary conditions that vary on different parts of the
surface of the Janus pills. In this approach, the fluid ve-
locity, u and the surface traction, f on the surface of the
Janus pill are related by the following integral equation
(in cartesian component form with the implicit summa-
tion convention over repeated indices)∫
S
[
µ(ui − u0i )−M0il(xl − x0l )
]
Tijknk dS (6)
=
∫
S
(
fi − Σ 0ilnl
)
Uij dS.
Here, x0i and xi are respectively the observation and inte-
gration points on the surface S with outward normals n0i
and ni and corresponding velocity, u
0
i and ui and trac-
tion, f0i and fi components, and (r = |x− x0|) [15]
M0il = f
0
i n
0
l − 14 (f0kn0k)(δil + n0in0l ), (7)
Σ 0il = (f
0
i n
0
l + f
0
l n
0
i )− 12 (f0kn0k)(δil + n0in0l ), (8)
Uij = δij/r + xˆixˆj/r
3, Tijk = −6 xˆixˆj xˆk/r5. (9)
On the no-slip part of the surface, u is given and f is
calculated; and on the free-slip part of the surface, the
normal component of u and the tangential components
of f are specified whereas the tangential components of
u and the normal component of f are calculated. Once
the unknown components of velocity and traction on the
surface of the Janus pill are found, the force and torque
on the particle can be evaluated by integrating over the
3surface of the pill without having to solve for the flow
field in the infinite 3D domain of the fluid [15].
As the usual singularities that occur in boundary inte-
gral methods [16] have been removed analytically in the
formulation in Eq. 6, the implementation is straightfor-
ward. For example, using less than 800 nodes, our numer-
ical method is accurate to within 1% of the only known
analytic result for the drag force on a Janus sphere [17].
(The source code is available from the authors.)
FIG. 1: (Color online) The dependence of the drag coefficients
λ+ and λ− defined in Eq. 3 on (l/a) for a Janus (—), no-
slip (− · −) or free-slip (– –) pills. Insets: a) The laboratory
(x, y, z) and body (e‖, e⊥) coordinate systems. b) A close up
of the region around l/a = 0.355 in which λ− changes sign.
V. RESULTS
In Fig. 1, we show the dependence of the drag coeffi-
cients λ+ and λ− on the aspect ratio, l/a that determine
the magnitude of the force parallel, Fz and perpendicular,
Fx to the direction of flow (Eqs. 1-3). By way of com-
parison, we also show the corresponding drag coefficients
for a uniform no-slip and a uniform free-slip pill. The
value of λ+ that determines the mean value of the force
FIG. 2: (Color online) Force components on a Janus pill as
a function of the angle of inclination, θ relative to a uniform
flow in the z-direction for l/a = 0, 0.355, 1 and 2 (—). a) The
x-component, Fx and also results for l/a = 0.355 for the no-
slip (− · −) and free-slip (- - -) cases where Fx for the Janus
pills vanishes. b) The z-component, Fz and with results for
l/a = 0 that correspond to no-slip (− · −) and free-slip (– –)
spheres.
in the direction of the imposed flow, Fz (Eq. 2) for the
Janus pill lies between the no-slip and the free-slip cases
(Fig. 1a). This observation conforms with physical intu-
ition concerning the effects of the Janus hydrodynamic
boundary condition.
On the other hand, the magnitude of the force in the di-
rection orthogonal to that of the imposed flow, Fx (Eq. 1)
as well as the magnitude of the periodic part of Fz (Eq. 2)
is determined by λ− (Fig. 1b). Here it is interesting to
see that at l/a = 0.355, λ− and hence Fx, the force in the
direction orthogonal to that of the imposed flow, changes
sign. This is a unique signature of the Janus hydrody-
namic boundary condition and is an example whereby a
simple flow field can be used as a dynamic mechanism
to steer or sort Janus particles according to their aspect
ratio [6].
4FIG. 3: (Color online) a) The torque, Ty about the y-axis on
a Janus pill with the body axis e⊥ oriented anti-parallel to
the uniform external flow or the force, F⊥ in the e⊥ direction
of the body frame, experienced by a rotating Janus pill at
angular frequency ω as a function of the aspect ratio, l/a. b)
Variations of the torque about the y-axis on a Janus pill as
a function of the angle of inclination, θ relative to a uniform
flow in the z-direction for l/a = 0, 1 and 2 (—). Both the
uniform no-slip (− · −) and free-slip (– –) pills experience no
torque.
FIG. 4: (Color online) Variation of the drag coefficient λ− de-
fined in Eq. 3 with aspect ratio l/a for different combinations
of slip lengths s on each half of the Janus pill.
The periodic variations of the force orthogonal, Fx
(Fig. 2a) and parallel, Fz (Fig. 2b) to the flow direc-
tion with the angle of inclination, θ of the Janus pill are
illustrated explicitly (Eqs. 1-3). For comparison we also
show in Fig. 2a the results for the uniform no-slip and
free-slip pills at the critical ratio l/a = 0.355 where Fx
for the Janus pill vanishes. Results for Fz corresponding
to no-slip and free-slip spheres (l/a = 0) are also given in
Fig. 2b. Thus if a Janus particle can be aligned with an
external field (eg magnetic field) with respect to the flow
direction, the variation in sign and magnitude of Fx can
be used to steer Janus particles according to their aspect
ratio, analogous to the operation of a mass spectrometer.
The force parallel to the flow direction, Fz, will exceed
the Brownian force (∼ kT/a) when a2U > kT/(6piµ).
For water under standard conditions, this condition be-
comes a2U > 0.2 with a measured in µm and U in µm/s.
Since the magnitude of force in the orthogonal direction,
Fx that can change sign with the particle aspect ratio, is
about 10% of Fz (see Fig. 2), the magnitude of Fx will
exceed the Brownian force when a2U > 2.
In Fig. 3a, we show the almost linear dependence of
the dimensionless torque: τy(
3pi
2 ) = −τy(pi2 ) on the as-
pect ratio, l/a (Eq. 5). The variation of the torque with
orientation to the flow field is shown in Fig. 3b. Note
that for the case l/a = 0 that corresponds to a Janus
sphere, the torque is found to be
Ty(θ, l/a, U) j = −0.347 (4piµa2U) sin θ j. (10)
This numerical result turns out to be within 10% of an
estimate that can be obtained by only integrating the
traction over a hemisphere of a uniform no-slip sphere
Ty(θ, l/a, U) j = − 38 (4piµa2U) sin θ j. (11)
By symmetry considerations, one also expects that the
Janus particle would experience a translational force if it
is driven in a rotational motion about an equatorial axis,
e.g. the y-axis. This can be achieved, for example, by the
application of a time varying magnetic field on magnetic
Janus particles [7], as in magnetic stirrers commonly en-
countered in chemistry laboratories. This translational
force, F⊥ is in the e⊥ direction and the variation of its
magnitude with l/a that has also been computed inde-
pendently and is shown in Fig. 3a. By the well-known
Lorentz Reciprocity Theorem of Stokes flow that provides
the linear relationship between forces or torques to lin-
ear or angular velocities [18–20] the ratio Ty/U and F⊥/ω
must be equal. In Fig. 3a we see that this is indeed the
case to within numerical precision of our computation,
thus providing confidence that our numerical approach
and implementation are correct.
To estimate the significance of such forces, we observe
that for the translational force, F⊥ to be comparable to
the Brownian force, we require a3ω > kT/(4piµ). This
inequality is readily achievable in water under standard
5laboratory conditions. Furthermore, the force, Fx or-
thogonal to the flow direction, being proportional to the
drag coefficient λ−, (see Eq. 1 and 3) can be tuned by
different combinations of the slip length, s on each half
of the Janus pill (Fig. 4).
VI. CONCLUSIONS
In this paper, we have demonstrated that the combina-
tion of a Janus no-slip/free-slip hydrodynamic boundary
condition together with particle aspect ratio offers inter-
esting potential for particle manipulation that includes
directional sorting and alignment under uniform flow flu-
ids as well as rotationally driven translational motion.
Although only a family of relatively simple Janus parti-
cles are considered here, the non-singular boundary ele-
ment method used to find forces and torques can be eas-
ily extended to handle Janus particles of any shape and
variations in slip lengths. Generalization of the present
approach to other imposed flow fields such as extensional
or elongational flow is straightforward. The magnitude
of unique forces experienced by Janus particle exhibited
here could enrich existing techniques for direct particle
manipulation in, for example, the assembly of designed
structures to form novel materials or in ‘split and mix’
combinatorial library reactions on microscopic beads us-
ing flow cytometry to identify reaction products [21]. In
a dilute suspension of Janus spheres, the viscosity incre-
ment has been studied by perturbation theory to first
order in the particles volume fraction and in the ratio of
the slip length to the sphere radius [22]. The boundary
integral approach [15] used here can progress this study
to non-spherical Janus particles with arbitrary slip prop-
erties and to include effects of hydrodynamic coupling,
extending the result to higher particle volume fractions.
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